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Frequency extention by nonlinear optics

Polarization:   P = c(E) E

P = c(1) E + c(2) E2 + c(3) E3 + . . .

P = c(1) E + c(2) E2

frequency doubling,
sum and difference frequency mixing,
optical parametric oscillation.

Second harmonic generation
Dielectric susceptibility
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SHG

Linear dielectric
Crystall:

Nonlinear crystall

E(t) = − 1
e

(mω 0
2x + mDx2 );

x(E) ! −αE + βE2,   α ,β > 0;
p(E) = −N ·e·x(E) ! χ1E − χ2E

2;
χ1,χ2 > 0,
               p(E) < p(−E) .

P

E

p(t) = Ne2

mω0
2 E(t)
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Optical wave:
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E = E0 cos(ωt +ϕ )

P(t) = χ1E0 cos(ωt)− χ2E0
2 cos2(ωt)
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Optical wave:

E = E0 cos(ωt +ϕ )
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P(t) = χ1E0 cos(ωt)− χ2E0
2 cos2(ωt)



5

Optical wave:

E = E0 cos(ωt +ϕ )
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P(t) = χ1E0 cos(ωt)− χ2E0
2 cos2(ωt)

Fourier transformation:
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Optical wave:

E = E0 cos(ωt +ϕ )

P(t) = χ1E0 cos(ωt)− χ2E0
2 cos2(ωt)

Fourier transformation:

2000150010005000
Frequency, Hz

Components of polarization:
Ø DC component
Ø Optical frequency
Ø Doubled optical frequency (2nd harmonic)

DC
2w

w
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-1

0

1

4321
UV time, ms
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Difference and Sum frequency mixing

Pumping a nonlinear crystal by w3 produces any frequencies 
w1 and w2, which are:

• within the transparency window  of the crystal
• w3= w1+w2 DFG

Efficiency???

P(t) = χ1E0 cos(ωt)− χ2E0
2 cos2(ωt)+ χ3E0

3 cos3(ωt)

SFGw1+w1=w3This process is reversible:
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Phase Matching in Uniaxial Crystals

 
ηSHG =

P2ω
Pω

= 2 µ
ε0

$

%&
'

()

3
2 ω 2d2L2

n3
sin2 (kL/2)
(kL/2)2

Pω
A

SHG efficiency:

Dk = k2w - 2kw;

Phase matching: Δk = 0

Phase matching length:
 
Lc =

2π
k

=
2π

k(2ω ) − k(ω )
, k(ω ) = 1

λn
=
ω n(ω )

c

Dk = k(2w) - 2k(w) = (2w/c) [n(2w) - n(w)]

Lc =
2πc

2ω (n(2ω ) − n(ω ) )
=

λ
2(n(2ω ) − n(ω ) )

Lc ≅  100µm

power

area

length

That is the two waves move together!

Too short!

How to make n(w) = n(2w) ?
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Birefringent crystals

Birefringent materials

nz ≠ nx ≠ ny

nz ≠ nx = ny

Biaxial crystal

Uniaxial crystal

÷÷
ø

ö
çç
è

æ
-

+= 22

2
2 11)(

wwe
w

oeo

e

m
Nqn

Ordinary index   n0 = nx=ny; 
Extraordinary index  ne = nz
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optical axis optical axis

ordinary  ray polarized 
perpendicular 
to principal plane

extraordinary ray 
 polarized parallel 
to principal plane

optical axis

o

arbitrary 
polarization

o

e

e

1
ne
2 (θ )

=
cos2θ
n0
2 +

sin2θ
ne
2

Birefringence
in uniaxial crystals:

n0

ne(q)q

0ne

UCs have different refraction 
index along and orthogonal to 
the optical axis
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Birefrigence in Uniaxial Crystals

1
ne
2 (θ)

=
cos2θ
n0
2 +

sin2θ
ne
2  

z (optical) axis

θm

ne
2ω

ne
ω no

ω no
2ω

no
2ω(θ) = no

2ω

no
ω(θ) = no

ω

ne
ω(θ)

ne
2ω(θ)

Eo,e(ω ) ⊥  Ee,o(2ω )
Type I:

E(ωo )+E(ω e ){ },   Eo,e(2ω )

Type II:

Laser beam

Ee

w = 2w

Phase matching: Δk = 0

 
ηSHG =

P2ω
Pω

= 2 µ
ε0

$

%&
'

()

3
2 ω 2d2L2

n3
sin2 (kL/2)
(kL/2)2

Pω
A

k(2w) =2k(w)
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Birefrigence in Uniaxial Crystals

1
ne
2 (θ)

=
cos2θ
n0
2 +

sin2θ
ne
2  

z (optical) axis

θm

ne
2ω

ne
ω no

ω no
2ω

no
2ω(θ) = no

2ω

no
ω(θ) = no

ω

ne
ω(θ)

ne
2ω(θ)

Eo,e(ω ) ⊥  Ee,o(2ω )
Type I:

E(ωo )+E(ω e ){ },   Eo,e(2ω )

Type II:

Laser beam

Ee
Phase matching: Δk = 0

 
ηSHG =

P2ω
Pω

= 2 µ
ε0

$

%&
'

()

3
2 ω 2d2L2

n3
sin2 (kL/2)
(kL/2)2

Pω
A

OA

beam

E1


•

Principal plane

E2
 

w = 2w k(2w) =2k(w)
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Second Harmonic Generation

1
ne
2 (θ)

=
cos2θ
n0
2 +

sin2θ
ne
2  

z (optical) axis

θm

ne
2ω

ne
ω no

ω no
2ω

no
2ω(θ) = no

2ω

no
ω(θ) = no

ω

ne
ω(θ)

ne
2ω(θ)

Laser beam

Ee

Notations
Fundam, Fundam, SH:

(532 +532 =266nm)

Type I: (rotation around H axis)

ooe= HHV;   eeo=VVH

Type II: (rotation around H axis)

oeo= 45°,H;   eoe=45°V

w → 2w k(2w) =2k(w)
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Frequency Mixing 

 

ω 3 =ω2 ±ω1;       k3


= k2


± k1


;    k(ω ) = ω ⋅n(ω )

c
,

n3 ⋅ω 3 = n2 ⋅ω2 ± n1 ⋅ω1

“+” -frequency up conversion,      “-” - difference frequency mixing 

Optical parametric amplification of w1 and w3:  P2 >> P1.

Phase matching conditions:
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Optical Parametric 
Oscillator (OPO) 

The split point is dictated by the angular orientation of the crystal

np ⋅ω p = ns ⋅ωs ± ni ⋅ωi

Mode structure


